Abstract. A vertex k-coloring of a graph G is a multiset k-coloring if M (u) = M (v) for every edge uv ∈ E(G), where M (u) and M (v) denote the multisets of colors of the neighbors of u and v, respectively. The minimum k for which G has a multiset k-coloring is the multiset chromatic number χm(G) of G. For an integer l 0, the l-corona of a graph G, cor l (G), is the graph obtained from G by adding, for each vertex v in G, l new neighbors which are end-vertices. In this paper, the multiset chromatic numbers are determined for l-coronas of all complete graphs, the regular complete multipartite graphs and the Cartesian product Kr K 2 of Kr and K 2 . In addition, we show that the minimum l such that χm(cor l (G)) = 2 never exceeds χ(G) − 2, where G is a regular graph and χ(G) is the chromatic number of G.
Introduction
Proper vertex coloring of a graph G is a well-known method to distinguish adjacent vertices of G. However, in the past decades, a large number of coloring methods emerged for the purpose of distinguishing adjacent vertices or all the vertices of a graph G. In [11] , Zhang et al. presented the concept of adjacent vertexdistinguishing edge coloring of graphs. Based on proper vertex coloring of a graph G, Radcliffe and Zhang considered the multiset of colors of the neighboring vertices of each vertex to distinguish all vertices of G, see [9] for details. Further, in [4] , Chartrand et al. studied the situation when the vertex coloring may not be proper. Please refer to [1], [2] , [3] , [7] , [10] , [12] for more related literatures.
A coloring c of the vertices of a graph G (where adjacent vertices may be assigned the same color) is called neighbor-distinguishing if every two adjacent vertices of G are distinguished from each other in some manner by the coloring c. With no doubt, a proper vertex coloring is neighbor-distinguishing and the minimum number of colors needed for a proper vertex coloring of G is the chromatic number χ(G). In [5] , a new coloring, called the multiset coloring, was put forward and studied that never requires more than χ(G) colors.
Given a graph G = (V, E), let c : V (G) → {1, 2, . . . , k} be a vertex coloring (which need not be proper) of G. Consider such a coloring c; for each vertex v of G, let M (v) be the multiset of colors in N (v), where N (v) denotes the set of vertices adjacent to v. If M (u) = M (v) for every pair of adjacent vertices uv ∈ E(G), then c is called a multiset k-coloring of G. The minimum number k such that G has a multiset k-coloring is the multiset chromatic number χ m (G) of G. For example, a multiset 2-coloring of C It is obvious that every proper vertex coloring of G is a multiset coloring of G, thus Since every nonempty bipartite graph has chromatic number 2, the following is a natural consequence of (1.1) and Observation 1.1. It is a consequence of Observation 1.2 that χ m (K n ) = n, where K n is a complete graph of order n, n 2. The multiset chromatic number of every complete multipartite graph was determined in [5] . Besides, the multiset chromatic numbers for cycles and their squares, cubes, and fourth powers were also determined in [5] . In the meantime, a conjecture was proposed as follows.
Conjecture 1.1 ( [5] ). For every integer r 3, there exists an integer f (r) such that χ m (C r n ) = 3 for all n f (r). This conjecture was solved by Feng and Lin, please refer to [6] for details. There are further studies concerning multiset colorings of graphs. In [8] , it was shown that for every positive integer N there is an r-regular graph G such that χ(G) − χ m (G) = N and for every pair k, r of integers with 2 k r − 1 there exists an r-regular graph with multiset chromatic number k.
The corona cor(G) of a graph G is the graph obtained from G by adding, for each vertex v in G, a new vertex v ′ and the edge vv ′ . It is trivial that χ m (cor(G)) χ m (G)
for every connected graph G. In [8] , the multiset chromatic numbers were determined for the coronas of all complete graphs and regular complete multipartite graphs. We list them below.
Theorem 1.1 ( [8] ). For every integer n 2,
For k 2 and n 1, the regular complete k-partite graph, each partite set of which contains n vertices, is denoted by K k(n) . Thus, K k(1) = K k . The following theorem determines the multiset chromatic number of the corona of K k(n) . To this end, for positive integers l and n, define
. For integers n, k 2, the multiset chromatic number of cor(K k(n) ) is the unique positive integer l such that
In this paper, the concept of corona of a graph is generalized and the generalized corona of a graph is naturally defined as follows. Definition 1.1. For an integer l 0, the l-corona of a graph G, denoted by cor l (G), is the graph obtained from G by adding, for each vertex v in G, l new
is called a leaf vertex, or an end-vertex of v.
. So in this sense, the l-corona of a graph G defined above is viewed as the generalized corona of a graph. If no confusion occurs, sometimes we simply use generalized corona graphs or generalized corona instead of generalized corona of a graph. The multiset chromatic numbers of generalized corona graphs are mainly discussed in this paper. First, we present some properties of the multiset chromatic numbers of generalized corona graphs. Next, the multiset chromatic numbers are determined for the l-coronas of all complete graphs and the regular complete multipartite graphs. These results are generalizations of Theorem 1.1 and Theorem 1.2. In addition, the multiset chromatic number of the Cartesian product K r K 2 is also determined in this work. We conclude the paper by showing that the minimum l such that χ m (cor l (G)) = 2 never exceeds χ(G) − 2, where G is a regular graph.
The following notation will be used in the paper. Given a graph G = (V, E), let X ⊆ V (G). For a not necessarily proper vertex coloring c of G, let M c (X) (or simply M (X)) be the multiset of colors of the vertices in X. Please note that for v ∈ V (G), M (v) stands for the multiset of colors in N (v), while M ({v}) stands for the multiset of color of v.
For integers z 1 and z 2 , z 1 modulo z 2 is denoted by [z 1 ] z2 .
Properties for generalized corona graphs
According to the definition of generalized corona graphs, the following observations are easily obtained.
O b s e r v a t i o n 2.1. For every graph G, let l 1 and l 2 be two non-negative integers with 
O b s e r v a t i o n 2.2. For l 0 and n 2,
, and the conclusion holds. Otherwise, suppose that c is a multiset coloring of χ m (cor l (K n )). The graph cor l (K n−1 ) can be obtained from cor l (K n ) by deleting a vertex v of K n and all its end-vertices. Obviously, the coloring c restricted to the graph cor l (K n−1 ) is also a multiset coloring.
O b s e r v a t i o n 2.3. For n 2,
R e m a r k 2.1. What is the minimum l such that χ m (cor l (K n )) = 2? We will answer this question in the next section.
O b s e r v a t i o n 2.4. For l 0, if H ⊆ G, then the following inequality may be not right.
6 , but from [5] we know that χ m (C 3 ) = 3, while χ m (C 2 6 ) = 2.
Generalized coronas of complete graphs
A heuristic question is: how small the l is such that χ m (cor l (K n )) = 2? We answer this question by showing the following.
It is a consequence of Observation 1.1 that χ m (cor n−2 (K n )) 2, thus we only need to give a multiset 2-coloring of cor n−2 (K n ). If n = 2, then the conclusion holds trivially. So we suppose that n 3.
as follows.
From the above coloring, it can be determined that for 1 i n, code(v i ) = (n + i − 3, n − i). It then follows immediately that c is a multiset 2-coloring of
Suppose that there exists a multiset 2-coloring of cor n−3 (K n ). Since the number of (n − 3)-element multisets of {1, 2} is n − 2, there are at most n − 2 vertices of K n which can be colored the same color. For 2 t n − 2, let t vertices of K n be colored by 1 and the remaining n − t vertices of K n be colored by 2. It can be inferred that the multiset of each vertex of K n contains at least (t − 1) 1's, and at most (t + n − 3) 1's. Therefore, the number of different multisets of the vertices of K n is at most (t + n − 3) − (t − 1) + 1 = n − 1. Since n − 1 < n, by the pigeonhole principle, there exist at least two vertices of K n which have the same multisets. This is a contradiction, thus χ m (cor
The multiset chromatic numbers of the generalized coronas of all complete graphs are characterized as follows.
Theorem 3.2. For integers t and l with t 2, l 0, define
). Let C be the set of (t − 1) colors. Since the number of l-element multisets of C is . Without loss of generality, let these (t − 1 − s) colors be 1, 2, . . . , t − 1 − s. The simple calculation yields
Let S be the set of these
. Suppose that n 1 vertices of S are colored by 1, n 2 vertices of S are colored by 2, . . . , n p vertices of S are colored by p, where
For 1 r p, there are
+ n r vertices of K n l t which are colored by r. Observe that the number of l-element multisets of the (t − 2) colors is t+l−3 l , therefore, the color r appears in the leaves of each of the remaining n r vertices which are colored by r. Realize the fact that n 1 + n 2 + . . . + n p = t+l−3 l−1 + s + 1, and the number of (l − 1)-element multisets of the (t − 1) colors is 
Now, by Observation 2.2, we only need to give a multiset t-coloring c of cor
In order to color the remaining leaves of cor l (K n l t+1 −1 ), we introduce some notation.
The number of l-multisets of R i is t+l−2 l
, let these a multisets be S i,1 , . . . , S i,a . The number of l-multisets of {1, . . . , t} is t+l−1 l , let these b multisets be S t,1 , . . . , S t,b . Now we are ready to color the leaves. For 1 i t − 1 and 1 j a, color the leaves corresponding to v i,j so that
For example, let t = 3, l = 2, then
A multiset 3-coloring of cor 2 (K 12 ) is depicted in Figure 3 .
R e m a r k 3.1. The above theorem implies Theorem 1.1 which also can be found in [8] . Let l = 1, then n
. Given l = 0, the above theorem also implies the well-known result that χ m (K n ) = n. 
Generalized coronas of complete multipartite graphs
The multiset chromatic numbers of generalized coronas of K k(n) are obtained in this section. To this end, we first present a formula. For p 0, l 0, n 1, define
Obviously, g(p, l, n) is strictly increasing with respect to l. Thus, for k 1, there exists a unique integer l 1 such that
Theorem 4.1. For integers k 2, n 1, p 0, the multiset chromatic number of cor p (K k(n) ) is the unique positive integer l such that
. . , u i,n } is a partite set for 1 i k. We obtain the p-corona of G by adding, for each vertex u i,j , p end-vertices W i,j = {w i,j,1 , w i,j,2 , . . . , w i,j,p }, where 1 i k, 1 j n.
We first show that χ m (cor p (G)) l. Suppose to the contrary that there exists a multiset (l − 1)-coloring of cor p (G). Let these (l − 1) colors be 1, 2, . . . , l − 1. For 1 q l − 1, let t q be the number of vertices in U that are colored by q. Then
Consider an arbitrary vertex in U , say u 1,1 ∈ U
We now determine all possible color codes for u 1,1 .
(1) b q a q for 1 q l − 1. Let c q = a q − b q for 1 q l − 1, then c q 0 and l−1 q=1 c q = n − p. Therefore, the number of possible color codes for u 1,1 is
(2) There exists an integer q, 1 q l − 1 such that b q > a q . To this end, the coloring for the vertices in U 1 and W 1,1 should be like this: for 0 i p − 1, U 1 and W 1,1 can be divided into two subsets, say U 
In this case, we claim that the number of possible color codes for u 1,1 is
In fact, the color code for u 1,1 is only dependent on the different coloring ways for U n−i 1 and W p−i 1,1 satisfying equation (4.2). Moreover, it can be realized as follows.
Step 1, for 0 i p − 1, 1 j p − i, choose j colors from the set of l − 1 colors. There are l−1 j different ways to do that.
Step 2, use these j colors to color W p−i 1,1 so that each of these j colors must be assigned to the vertices of W p−i 1,1 . This can be done by coloring the j vertices of W p−i 1,1 pairwise different using the given j colors, while the remaining p − i − j vertices of W p−i 1,1 are colored using these colors arbitrarily. The number of different ways to do such job is
Step 3, color the n − i vertices of U n−i i using the remaining l − 1 − j colors. The number of different ways to do so is
. Therefore, by (1) and (2), the number of distinct color codes for the vertices in U is at most
Since cor p (G) contains K k as a subgraph, the number of distinct color codes for the vertices in U is at least k. Thus k g(p, l − 1, n), which is a contradiction.
We now show that χ m (cor p (G)) l by providing a multiset l-coloring for cor p (G). For this purpose, we introduce some notation first.
Since the number of (n−p)-element multisets of the set of l colors is l+n−p−1 n−p := a, let these a multisets be A 1 , A 2 , . . . , A a .
For r ∈ {1, 2, . . . , k}, color U r and W r,1 , W r,2 , . . . , W r,n using l colors as follows. For 0 i p − 1, color u r,1 , . . . , u r,i by 1; for 1 s n, color w r,s,1 , . . . , w r,s,i by 1. Now color the rest n − i vertices in U r and p − i vertices in each W r,s as described below.
Step 1, for 0 i p − 1, 1 j p − i, choose j colors from the set of l colors. There are l j different ways to do that.
Step 2, use these j colors to color the remaining p − i vertices in each W r,s so that each of these j colors must be assigned to these p − i vertices. This can be done by coloring the j vertices of these p − i vertices pairwise different using the given j colors, while the remaining p − i − j vertices of these p − i vertices are colored using these colors arbitrarily. The number of different ways to do such job is
Step 3, color the remaining n − i vertices in U r using the remaining l − j colors. The number of different ways to do so is
. The Addition and Multiplication Principle tells us that the number of different such ways to color U r and W r,1 , W r,2 , . . . , W r,n is
Let B 1 , B 2 , . . . , B b be these b different coloring ways for U r and W r,1 , W r,2 , . . . , W r,n . Please note that a + b = g(p, l, n).
We are now ready to give a multiset l-coloring for cor p (G).
(1) 2 k a. For 1 i k, 1 j n, 1 h p, color w i,j,h by 1; color u i,1 , . . . , u i,p by 1; and color u i,p+1 , . . . , u i,n so that M ({u i,p+1 , . . . , u i,n }) = A i .
Let x ∈ U i1 , y ∈ U i2 , where 1 i 1 < i 2 k. Then
(2) a < k a + b. For 1 i a, 1 j n, 1 h p, color w i,j,h by 1; color u i,1 , . . . , u i,p by 1; and color u i,p+1 , . . . , u i,n so that
Observe that there exists a color α,
R e m a r k 4.1. If p = 1, then the above theorem implies Theorem 1.2 which was earlier presented in [8] . The verification only requires noticing that g(0, l, n) = . If n = 1, then we get the multiset of the generalized corona of all the complete graph K k . To verify that the previous Theorem 3.2 is coincident with that of the above theorem when taking n = 1, one only needs to justify the equality
In fact, since
one only needs to justify the equality
If p = 0, then (4.5) holds since both sides are equal to l. If p = 1, then both sides of (4.5) are equal to l 2 − l + 1. Now we suppose p 2. Then (4.5) follows from the
Generalized coronas of
We introduce some product graphs as follows.
Definition 5.1. The Cartesian product G H of graphs G and H is the graph with vertex set V (G) × V (H) and edge set {(a, x)(b, y) : ab ∈ E(G), x = y or xy ∈ E(H), a = b}. The tensor product G× H of graphs G and H is the graph with vertex set V (G) × V (H) and edge set {(a, x)(b, y) : ab ∈ E(G) and xy ∈ E(H)}. The strong product G ⊠ H of graphs G and H is the graph with vertex set V (G) × V (H) and edge set E(G H) ∪ E(G × H).
The following result can be found in [8] .
Theorem 5.1. For each positive integer r,
Since K r × K 2 is a regular bipartite graph, by Proposition 1.1, χ m (K r × K 2 ) = 2. In addition, K r ⊠ K 2 is a complete graph of order 2r, thus χ m (K r ⊠ K 2 ) = 2r. We now focus our attention on the discussion of the multiset chromatic number of generalized corona of K r K 2 .
For l 1, p 1, define
is the unique positive integer l such that
P r o o f. Since h(l, p) is strictly increasing with respect to l, such an integer l 2 exists. Let H 1 and H 2 be two disjoint copies of K r , where
We first show that χ m (cor p (K r K 2 )) > l−1. Suppose that there exists a multiset
We now determine the number of possible multisets for each vertex u i ∈ V (H 1 ).
Let one vertex in X i ∪ {v i } be colored the same as u i . And then color the remaining p vertices in X i ∪ {v i } using the (l − 1) colors arbitrarily. Thus the number of possible multisets for u i is
Choose a color for u i from the set of the (l − 1) colors; there are just (l − 1) different ways to do that. Then color the vertices in X i ∪ {v i } using the remaining (l − 2) colors; there are l+p−2 p+1 different ways to do that. So in this case, the number of possible multisets for u i is
Therefore, the number of distinct multisets for the vertices in V (H 1 ) is at most
is a complete graph of order r which served as a subgraph of cor p (K r K 2 ), the r vertices in V (H 1 ) should have multisets pairwise distinct. Thus h(l − 1, p) r, which is a contradiction, so χ m (cor
Next we show that χ m (cor p (K r K 2 )) l by providing a multiset l-coloring for
To this end, we introduce some notation first.
Let the set of l colors be {0, 1, . . . , l − 1}. Let A be the set of p-element multisets of {0, 1, . . . , l − 1}; obviously,
Let B i,j be the set of p-element multisets of R i,j . It is clear that
For 0 t l − 2, let
In particular,
By the well-known Pascal's formula
we obtain
Then a + lb = h(l, p).
Let S 1 and S 2 be two disjoint copies of K h(l,p) , where
(2) For w j , 0 j a − 1, p end-vertices E j = {e j,0 , e j,1 , . . . , e j,p−1 }, and for z j ,
Find a multiset l-coloring c of cor
The above coloring implies that
We verify that c is a multiset coloring of cor
(3) For 0 r 1 < r 2 a − 1,
Observe that
Thus M (v i1b+s (j 1 −1) +k1 ) contains less i 2 's than M (v i2b+s (j 2 −1) +k2 ), so M (v i1b+s (j 1 −1) +k1 ) = M (v i2b+s (j 2 −1) +k2 ). We now verify that the above coloring is a multiset 2-coloring of cor k−2 (G).
Let xy ∈ G, where x ∈ V i , 0 i k − 2, y ∈ V k−1 . Since 2 ∈ M (x), 2 / ∈ M (y), we have M (x) = M (y).
For 1 j r, 1−j i R e m a r k 6.1. The upper bound χ(G) − 2 in the above theorem is sharp since G = K n , n 2 attains it by Theorem 3.1. However, it is not clear if there exist other graphs which attain this upper bound. In Theorem 5.3, let l = 2, then h(l − 1, p) = h(1, p) = 1, h(l, p) = h(2, p) = p + 3. Therefore, if 1 < r p + 3, then we have χ m (cor p (K r K 2 )) = 2. Observe that χ(cor p (K r K 2 )) = r, so we get: if p χ(cor p (K r K 2 )) − 3, then χ m (cor p (K r K 2 )) = 2. Hence, if complete graphs are excluded, then the upper bound χ(G) − 2 is almost sharp. One might also be tempted to continue the research on establishing the sharpness of χ(G) − 2 when G is a regular graph but not a complete graph.
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